It is shown that every ideal in a commutative Noetherian ring of dimension d is projectively equivalent to an ideal having d + 1 generators.
Introduction
Let R be a ^-dimensional Noetherian ring and / C R an ideal. A wellknown theorem, whose origin dates back to Kronecker, asserts that there exists a (d + l)-generated ideal J c R such that / and J have the same radical. In other words, / is generated up to radical by d + 1 elements. An important improvement was given in [2] , where it was shown that if R = A[X] is a polynomial ring then / can be generated up to radical by d elements. This has the fundamental consequence that every algebraic set in affine d-space can be cut out by d hypersurfaces. In [1] Boratynski gave a common antecedent for these two theorems by showing that there exists an ideal J with the same radical as / such that fi(J/J2) < d (where fi() denotes a minimal number of generators).
In this note we offer an improvement of these results by demonstrating the following theorem.
Theorem. Let R be a d-dimensional Noetherian ring and I C R any ideal. Then there exists an ideal J projectively equivalent to I satisfying fi(J/J2) < d.
The notion of projective equivalence is defined below, but for now it suffices to say that it is a substantially stronger condition than having the same radical. A consequence of this theorem is that one obtains a more direct path to the following important geometric result (proven in [3] ). The defining ideal for any nonsingular variety in affine rf-space can be generated by d or fewer elements. The basic idea of our proof is relatively straightforward. We observe that if the ideal / is contained in the Jacobson radical, then the usual results about reductions in local rings still apply (see [8] ). We then localize at the multiplicatively closed set which "radicalizes / " and increase the estimate from the local case by one. We begin with the following superficial element lemma. Typically the statement and proof of this lemma are given in the context of local or semilocal rings. However, essentially the same proof works in the nonlocal case, so we have only sketched the argument below.
Superficial element lemma. Let I C R be a regular ideal, i.e., (0 : /) = 0. Then: (i) there exists an n > 1 and a nonzero divisor x e I" satisfying (I"' :
(ii) For n > 1 and x e I" in (i), {Inkt : xk) = {Ink)'-X, t»0,for all k>\.
(iii) If R has infinite residue fields, we may take n = 1 in (i).
Sketch of proof. Write 3t = ©m>0Jm'm £ W\, t an indeterminate, for the Rees ring of R with respect to /, and let {3°\, ... , S5^ be the union of Ass^ and the relevant prime divisors of 131 . To prove (i), we may employ the homogeneous prime avoidance lemma to select an element xtn of 3i not contained in any ^ . This n and x work. The proof of (ii) is easy. To prove (iii), let /, = {x £ R\xt e &i) . Then /, is properly contained in /. If R has infinite residue fields, then by McAdam's prime avoidance lemma (see [6] ) we may select x belonging to /, not in any 7,; this x works.
Proposition. Let R be a d-dimensional Noetherian ring and I an ideal contained in the Jacobson radical. Then: (i) some power of I has a d-generated reduction, (ii) if R has infinite residue fields, I has a d-generated reduction. Finally, if R has infinite residue fields, we may repeat the argument, always taking superficial elements from the first power of /.
Theorem. Let R be a Noetherian ring and I C R an ideal. Let d be the maximum of the heights of maximal ideals containing I, and suppose d < oo.
Then:
(i) Some power of I admits a reduction J satisfying p,(J/J2)<d.
(ii) If R has infinite residue fields, then I admits a reduction J satisfying H{J/J2)<d.
Proof. Set S = 1+7, and localize R at S. By the proposition, there exists n > 1 and a ^/-generated ideal K C /£ such that AT is a reduction of 1$ . Thus for t » 0 (*) K(I$t) = I»>+n.
Let J be the complete inverse image of K . Then: (a) sJcl" for some s -1 -jc e S. Multiplying by l+x+x2H-hx"_1, we obtain (1 -xn)J C /" , so / C /" . (b) ,s(J',)'+1 C 7/"' C / for some s e S. This implies (7")'+1 C 7 (by definition of /). Hence / and J have the same radical. It now follows from (*) that J reduces I". Corollary B (see [3, 4] ). Let R be a d-dimensional Noetherian ring with infinite residue fields. Suppose that I C R is a local complete intersection (i.e., fi(IM) = height Im for all maximal ideals containing I). Then: 
